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Abstract. The problem of a relativistic spinning particle interacting with a weak gravitational plane wave in
(3+1) dimensions is formulated in the frame work of covariant supersymmetric path integrals. The relative
Green function is expressed through a functional integral over bosonic trajectories that describe the external
motion and fermionic variables that describe the spin degrees of freedom. The (3+1) dimensional prob-
lem is reduced to the (1+1) dimensional one by using an identity. Next, the relative propagator is exactly
calculated and the wave functions are extracted.
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1 Introduction

As is well known, Feynman has introduced his famous path
integral quantization method in order to satisfy the need of
comprehension of quantum mechanics [1]. Many problems
in nonrelativistic quantummechanics are exactly solved by
the use of the path integral approach starting from their
classical origins (i.e. classical actions). Moreover, the path
integral remains a useful quantization procedure mainly
when it becomes, like in cosmology, difficult to use other
methods [2, 3]. This explains the increased interest in de-
veloping path integration techniques [4–8].
In relativistic quantum mechanics, especially, for the

Dirac equation the Feynman method has not known the
same development, mainly because of the fact that the
spin has no classical origin and the difficulty of inserting
the anticommuting γ-matrices by means of paths. How-
ever, a successful supersymmetric formulation for relativis-
tic spinning particles was elaborated by Fradkin and Git-
man [9] according to the Feynman standard form

∑

paths

exp iS(path) , (1)

where S is a supersymmetric action that describes at the
same time the external motion and the internal one, related
to the spin of the particle. Elsewhere, the same problem is
reconsidered following the so-called global and local repre-
sentations by Alexandrou et al. [10]. We notice, also, that
the Fradkin–Gitman formulation is generalized to the case
of arbitrary dimensions in [11] and to the case of the Dirac
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equation with torsion field in [12]. Also, the supersymmet-
ric path integrals are used to solve the problem of a spin
half particle subject to pseudoscalar potentials [13, 14].
Recently, the problem of a massive relativistic particle

in the background of a weak gravitational plane wave has
been considered in [15, 16]. The corresponding Green func-
tions for both the spinless and spin- 12 cases are obtained by
alternative methods. The considered situation of the linear
approximation of gravity simplifies the problem of rela-
tivistic particles in external fields and enables the authors
to avoid complications related to the coupling with the
gravitational field. Moreover, the subject of gravitational
waves has more significant implications in electrodynam-
ics [17]. Namely, if an electromagnetic wave propagates
in a vacuum in which a gravitational wave is propagating
in the same direction, new electromagnetic waves appear
at the sum and difference frequencies [18]. Consequently,
the detection of waves at the sum and difference frequen-
cies might be used as a method for detecting gravitational
waves. In this context the problem of a charged spin half
particle subject to a weak gravitational plane wave re-
mains an important topic in theoretical and experimental
physics.
In the present paper, we propose a straightforward

method for solving the problem of a Dirac particle sub-
ject to the background of a weak gravitational plane wave
by the use of supersymmetric path integrals, which proved
most fruitful in finding analytical and exact expressions of
the wave functions and the energy spectrum of the fermion.
In the first stage we generalize the path integral formu-
lation given by Fradkin and Gitman following the global
projection. Then by incorporating an identity, the (3+
1) dimensional problem will be reduced to a (1+1) di-
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mensional problem. Next, we show, after integrating over
odd trajectories, that the relative Green function can be
expressed only through bosonic path integrals that will
then be straightforward. Finally, we easily extract the wave
functions.

2 Path integral formulation

The linearization of the Einstein equations of general rel-
ativity is the natural way to describe the interaction of
matter with a weak gravitational field. In this approxima-
tion the metric gµν(x) that describes the gravitational field
is considered as a small perturbation on the flat Minkowski
metric ηµν [19],

gµν(x) = ηµν +hµν(x) (2)

and

gµν(x) = ηµν −hµν(x) , (3)

where the terms of order h2, h3, . . . are systematically dis-
carded (hµν � 1).
Also, to obtain the solution of the linearized Einstein

equations, it is convenient to work in the harmonic coordi-
nate gauge [20]

gµνΓλµν = 0 , (4)

which reduces in the weak field approximation to the so-
called Lorentz gauge,

∂λh
λ
µ =
1

2
∂µh , (5)

where

h(x) = ηµνhµν(x) . (6)

Then, the plane wave solution is given by

hµν(k ·x) = aµνf(k ·x) , (7)

where f is an arbitrary function of the variable (kµx
µ), k

being the wave propagation vector (with k2 = 0).
Besides the Lorentz gauge condition

kµhµν(k ·x) = k
νhµν(k ·x) = 0 , (8)

we assume that h(x) = 0 and the tensor hµν is symmetric

hµν(k ·x) = hνµ(k ·x) . (9)

In this case the Dirac equation can be written as
[
γµ
(
Pµ−

1

2
hµν(k ·x)P

ν

)
−m

]
ψ (x) = 0 , (10)

and the corresponding Green function Sc (xb, xa) is a solu-
tion of the equation
[
γµ
(
Pµ−

1

2
hµν(k ·x)P

ν

)
−m

]
S (x, x′) =−δ (x−x′) .

(11)

Let us construct a global path integral representation
starting from (11). It is known that Sc (xb, xa) can be rep-
resented as a matrix element of an operator Sc

Sc (xb, xa) = 〈xb|S
c |xa〉 , (12)

where

S
c =
−1

K−
=−K+

1

K−K+
, (13)

and the operatorsK− andK+ are given by

K± = γ
µ

(
Pµ−

1

2
hµν(k ·x)P

ν

)
±m. (14)

Note that we use this procedure to obtain a Bose-type
operator that has a quadratic form with respect to the
γ-matrices and to avoid the usual five-dimensional ex-
tension (i.e. without the use of the matrix γ5 employed
in [9, 11]).
Taking into account that [γµ, γν ]+ = η

µν , and by using
the properties (4) the productK−K+ can be rearranged as
follows:

K−K+ = P
2−hµν(k ·x)PµPν

−
i

2
f ′ (k ·x) kµaνσPσγ

µγν−m2 . (15)

Now, in order to build a global representation we use the
relation

∫
dx |x〉 〈x|= 1. We get

Sc (xb, xa) =

[
γµ
(
Pµ−

1

2
hµν(k ·x)P

ν

)
+m

]
Gc (xb, xa) .

(16)

Here, the Green functionGc (xb, xa) that we suggest to cal-
culate via path integration has the following proper time
representation:

Gc (xb, xa) = i

∫ ∞

0

dλ 〈xb| exp (−iH (λ)) |xa〉 , (17)

with

H (λ) = λ

(
−P 2+hµν(k ·x)PµPν

+
i

2
f ′ (k ·x) kµaνσPσγ

µγν +m2
)
, (18)

and the operator
[
γµ
(
Pµ−

1
2hµν(k ·x)P

ν
)
+m
]
will elim-

inate the superfluous states caused by the product K−K+
in (13).
According to the Fradkin–Gitman formulation the

Green function can be represented by means of supersym-
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metric path integrals as follows:

Gc = exp

(
iγµ
∂l

∂θµ

) ∞∫

0

dλ0e
−im2λ

×

∫
Dx

∫
Dp

∫
Dλ

∫
Dπ

∫

ψ(0)+ψ(1)=θ

Dψ

× exp

{
i

∫ 1

0

dτ
[
λ
(
p2−hµν(k ·x)pµpν

)

+pσ (ẋ
σ−2iλf ′ (k ·x) kµaνσψµψν)− iψµψ̇

µ+πλ̇
]

+ψµ (1)ψ
µ (0)

}∣∣∣∣
θ=0

, (19)

where the measureDψ is given by

Dψ =Dψ

[∫

ψ(0)+ψ(1)=0

Dψ exp

{∫ 1

0

ψµψ̇
µdτ

}]−1

(20)

and the θµ and ψµ are odd variables, anticommuting with
the γ-matrices.
We notice that, integrating over the momenta and sep-

arating the gauge-fixing term πλ̇ and the boundary term
ψn (1)ψ

n (0), we obtain the super-gauge invariant action

A=

∫ 1

0

dτ

[
−
1

4λ

(
ẋ2+hµν (k ·x) ẋ

µẋν
)
− iψµψ̇

µ

+ikµf
′ (k ·x) aναẋ

αψµψν ] , (21)

which resembles the Berezin–Marinov action [21–24].
Note that the Lagrangian given in [15] leads to a pseu-

doclassical action that differs from the present one by the
five-dimensional extension. We show in the next section
that by summing over all possible pseudoclassical paths we
obtain the same wave functions.

3 Exact solution

To begin with, let us fix in (19) the gauge over the proper
time λ by performing the functional integral over π and λ;
the Green function will take the following form:

Gc = exp

(
iγµ
∂l

∂θµ

) ∞∫

0

dT e−im
2T

×

∫
Dx

∫
Dp

∫

ψ(0)+ψ(1)=θ

Dψ

× exp

{
i

∫ T

0

dτ
[
p2−hµν(k ·x)pµpν

+pσ (ẋ
σ−2if ′ (k ·x) kµaνσψµψν)− iψµψ̇

µ
]

+ψµ (1)ψ
µ (0)

}∣∣∣∣∣
θ=0

. (22)

Then, in order to reduce the (3+1) dimensional prob-
lem to a (1+1) dimensional one and to obtain the closed
expression of the Green function, we introduce the usual
identity

∫
dφadφbδ (φa−k ·x (0))

×

∫
DφDpφ exp

{
i

∫ T

0

dτpφ
(
φ̇−kẋ

)}
= 1 .

(23)

We get

Gc = exp

(
iγn
∂l

∂θn

)∫
dφadφbδ (φa−k ·x (0))

∞∫

0

dT

×

∫
DφDpφ

∫
Dx

∫
Dp

∫

ψ(0)+ψ(1)=θ

Dψ

× exp

{
i

∫ T

0

dτ
[
p2−hµν(φ)pµpν −m

2

−2if ′ (φ) kµaνσpσψ
µψν − iψnψ̇

n

+(p−pφk) ẋ+pφφ̇
]
+ψn (1)ψ

n (0)
}∣∣∣
θ=0
. (24)

Then by making the shift

p→ P +pφk (25)

and by integrating over P , we get

Gc =

∫
dφadφbδ (φa−k ·x (0))

∫
d4p

(2π)
4 e
ip·(xb−xa)

×

∞∫

0

dT eiT(p
2−m2)

∫
DφDpφ

× exp

{
i

∫ T

0

dτ
[
pφ

(
φ̇+2 (p ·k)

)
−hµν(φ)pµpν

]}

× exp

(
iγn
∂l

∂θn

)
I (φ, T, θ)

∣∣∣∣
θ=0

, (26)

where the factor I (φ, T, θ) is given by

I (φ, T, θ) =

∫

ψ(0)+ψ(1)=θ

Dψ exp

{
ψµ (1)ψ

µ (0)

+

∫ T

0

dτ
[
ψnψ̇

n+2Fµν (φ)ψµψν
]}
,

(27)

with

Fµν (φ) = f ′ (φ) kµaνσpσ
= gf ′ (φ) fµν , (28)

where g is a numerical factor that we put to 1 in the end of
the calculation, and the tensor fµν is given by

fµν = kµaνσpσ (29)

f
2 = 0 .
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Let us now do the integration over the Grassmannian vari-
ables, to express Gc only through bosonic path integrals.
Since the integration variables ψ obey the boundary con-
dition ψ (0)+ψ (1) = θ, it is suitable, in order to calculate
I (φ, T, θ), to change ψ by ξ, where

ψ =
1

2
ξ+
θ

2
. (30)

The new variables ξ obey the following boundary condi-
tion:

ξ (0)+ ξ (1) = 0 . (31)

Then, in order to obtain a more familiar form with respect
to the ξ variables, we change the proper time from τ to σ,
where

dσ =
1

T
f ′ (φ) dτ . (32)

The factor I (φ, T, θ) will then be given through the Grass-
mann Gaussian integral

I (φ, T, θ)

= exp
(
−
g

2
λ̃fµνθ

µθν
)∫
Dξ

× exp

{∫ 1

0

[
1

4
ξµξ̇

µ−
1

2
gλ̃fµνξ

nξm− gλ̃fµνθ
µξν
]
dσ

}∣∣∣∣
θ=0

,

(33)

where

λ̃= T

∫ 1

0

f ′ (φ) dτ . (34)

Since fnm is constant, the problem is brought to the one of
a constant electromagnetic field with five-dimensional ex-
tension. I (φ, T, θ) can then be evaluated to be

I (φ, T, θ)

= det
1
2

[
M (g)

M (g = 0)

]
exp
(
−
g

2
λ̃fµνθ

µθν
)

× exp

{∫ 1

0

[
J µ (σ′)

(
M−1

)
µν
J ν (σ)

]
dσ′dσ

}
,

(35)

where the matrixM and the current J µ are given by

Mµν (g) = ηmnδ
′ (σ−σ′)−2gfµνδ (σ−σ

′) , (36)

and

Jµ = gλ̃fµνθ
ν . (37)

The determinant in (35) can be written as [25, 26]

det

[
M(g)

M(0)

]

= exp {Tr [logM(g)− logM(0)]}

= exp

{
−Tr

∫ g

0

dg′
∫
dσ

∫
dσ′R (g′;σ, σ′) f

}
,

(38)

where the tensorRµν (g;σ, σ′) is given by

R=

(
1

2
ηε (σ−σ′)−

1

2
tanh

(
gλ̃f
))
exp
[
gλ̃f (σ−σ′)

]
,

(39)

and ε (σ) is the sign of σ.
Using now the property

exp [Tr (lnA)] = det (A) , (40)

the factor I (φ, T, θ) will be rearranged as follows:

I (φ, T, θ) = det
1
2

(
cosh gλ̃f

)
(1−Bµνθ

µθν) , (41)

where the tensorBµν , which has to be understood as a ma-
trix, is given by

B =
1

2
tanh

(
gλ̃f
)
. (42)

In the case when k2 = 0, we have f2 =0. So it is easy to show
that

B =
1

2
gλ̃f (43)

and

I (x, T, θ) = 1+
λ̃

2
kµaνσp

σθµθν . (44)

Then the factor containing the Gamma matrices will take
the form

exp

(
iγn
∂l

∂θn

)
I (x, T, θ)

∣∣∣∣
θ=0

=

(
1−
1

2
kµp

σγµγν
∫ T

0

aνσf
′ (φ) dτ

)
, (45)

and, consequently, the Green function Gc can be expressed
through only bosonic path integrals

Gc =

∫
dφadφbδ (φa−k ·x (0))

∫
d4p

(2π)
4 e
ip·(xb−xa)

×

∞∫

0

dT eiT(p
2−m2)

∫
DφDpφ

×

[
1−
1

2
kµp

σγµγν
∫ T

0

aνσf
′ (φ) dτ

]

× exp

{
i

∫ 1

0

dτ
[
pφ

(
φ̇+2 (p ·k)

)
−hµν(φ)pµpν

]}
.

(46)

The integration over pφ gives a delta functional δ
(
φ̇+2pk

)

that is related directly to the Lagrangian equation of mo-
tion projected in the direction of the plane wave. By the

vanishing of the argument of δ
(
φ̇+2pk

)
, we get

dτ =−
dφ

2pk
. (47)
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Integrating now over the plane wave variable φ we obtain
the final expression of the Green function Gc:

Gc =

∫
d4p

(2π)4
eip·(xb−xa)

∞∫

0

dT eiT(p
2−m2)

×

[
1+
kµp

σ

4pk
γµγν (hνσ (k ·xb)−hνσ (k ·xa))

]

× exp

{
i
pµpν

2pk

∫ k·xb

k·xa

hµν(φ)dφ

}
. (48)

In order to symmetrize this expression we write

(
1+
k̂
(
b̂− â

)

4pk

)
=

(
1−
k̂â

4pk

)(
1+
k̂b̂

4pk

)
, (49)

with â= a ·γ = aµγµ, and we do the integration over T :

Gc =

∫
d4p

(2π)
4 e
ip·(xb−xa)

(
1+
kµp

σ

4pk
hνσ (k ·xb) γ

µγν
)

×
1

p2−m2+ iε
exp

{
i
pµpν

2pk

∫ k·xb

k·xa

hµν(φ)dφ

}

×

(
1−
kµp

σ

4pk
hνσ (k ·xa) γ

µγν
)
. (50)

Now, we change p by −p in the last expression of Gc and
we incorporate it in (16) to obtain the closed expression of
Sc (xb, xa)

Sc (xb, xa)

=

∫
d4p

(2π)
4 e
−ip·(xb−xa)

(
1+
kµp

σ

4pk
hνσ (k ·xb) γ

µγν
)

×
p̂+m

p2−m2+ iε
exp

{
i
pµpν

2pk

∫ k·xb

k·xa

hµν(φ)dφ

}

×

(
1−
kµp

σ

4pk
hνσ (k ·xa) γ

µγν
)
. (51)

In order to determine the wave functions, let us integrate
over the energy p0 and employ the projectors of the posi-
tive and negative energy states

Λ+ (p) =
∑

±s

u (p, s) ū (p, s) =
p̂+m

2m
, (52)

Λ− (p) =−
∑

±s

v (p, s) v̄ (p, s) =
−p̂+m

2m
. (53)

We then obtain for Sc(xb, xa) the following form:

Sc(xb, xa) =−iθ (tb− ta)

∫
d3p
∑

±s

ψ(+)s,p (xb) ψ̄
(+)
s,p (xa)

+ iθ (ta− tb)

∫
d3p
∑

±s

ψ(−)s,p (xb) ψ̄
(−)
s,p (xa) ,

(54)

where

p0 =
(
p2+m2

)1/2
, (55)

and the wave functions are given by

ψ(+)s,p (x) =
1

(2π)3/2

(
m

p0

)1/2(
1+
kµp

σ

2pk
hνσ (k ·x) γ

µγν
)

×u (p, s) exp

{
−ip ·x− i

pµpν

4pk

∫ k·x

c

hµν(φ)dφ

}
,

(56)

and

ψ(−)s,p (x) =
1

(2π)3/2

(
m

p0

)1/2(
1−
kµp

σ

4pk
hνσ (k ·x) γ

µγν
)

× v (p, s) exp

{
ip ·x− i

pµpν

2pk

∫ k·x

c

hµν(φ)dφ

}
.

(57)

We remark here that the obtained solutions have
a structure similar to the structure of the Volkov
solutions corresponding to the electromagnetic plane
wave. This is due to the fact that the interaction
depends only on the variable k · x and the property
k2 = 0.
Also the propagator Sc (xb, xa) can be written in the

form

Sc (xb, xa) =

∞∫

0

dT

∫
d4p

(2π)
4PSF (xb, xa)

× e−ip·(xb−xa)eiT(p
2−m2)

× exp

{
i
pµpν

2pk

∫ k·xb

k·xa

hµν(φ)dφ

}
, (58)

where PSF (xb, xa) is the Polyakov spin factor (SF) [29],
which is given, in this case, by

PSF (xb, xa)

= γµpµ+m+
kµp

σ

4pk
m (hνσ (k ·xb)−hνσ (k ·xa)) γ

µγν

+
pαkµp

σ

4pk
hνσ (k ·xb) [γ

µγνγα−γαγµγν ] . (59)

The Green function of a scalar particle can then be de-
duced by separating the spin factor:

∆c (xb, xa) =

∞∫

0

dT

∫
d4p

(2π)
4 e
−ip·(xb−xa)eiT(p

2−m2)

× exp

{
i
pµpν

2pk

∫ k·xb

k·xa

hµν(φ)dφ

}
. (60)
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4 Conclusion

In this paper we have given a covariant path integral
method to analyze the problem of a Dirac particle sub-
ject to a weak gravitational plane wave in (3+ 1) di-
mensions. The relative Green function is presented by
means of supersymmetric path integrals in the so-called
global projection, where the internal motion relative to
the spin of the fermion is described by odd Grassman-
nian variables. The (3+ 1) dimensional problem is re-
duced to a (1+1) dimensional one by using the iden-
tity (23). Since the pseudoclassical action has a more
familiar form with respect to the ψ-variables, we were
able to express the Green function only through one-
dimensional bosonic path integrals. We have exactly calcu-
lated the relative propagator and we have found the wave
functions.
Through the formulation given above we conclude that

the supersymmetric path integrals are a powerful method
to study relativistic one fermion theory.
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